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Abstract 

In this work, we review some properties of twisted partial actions of Hopf algebras on 
unital algebras and give necessary and sufficient conditions for a twisted partial action to 
have a globalization. We also elaborate a series of examples. 


1 Introduction 

Partial group actions arose in operator algebra theory in 125], [35], [26], [27], in order to 
characterize (7*-algebras generated by partial isometries as more general crossed product. 
The algebraic study of partial actions and related notions was initiated in El], m, Eg, m, 
|B2| and m, motivating further investigations. In particular, the Galois theory of partial 
group actions developed in [23] inspired further Galois theoretic results in hd, m m 
[M j, [35j, as well as the introduction and study of partial Hopf actions and coactions in [IS] , 
which, in turn, became the starting point for further research in partial Hopf (co)actions in 

0, 0, 0, 0, m and [8j. 

The concepts of a twisted partial action and the corresponding crossed product, intro¬ 
duced for C*-algebras in [26], and adapted for abstract rings in [21], suggested the idea of 
extending these notions for Hopf algebras, unifying twisted partial group actions, partial 
Hopf actions and twisted actions of Hopf algebras. This was done in 0, where such crossed 

°The third and the fourth authors were partially supported by Fapesp of Brazil. The first and third authors 
were also partially supported by CNPq of Brazil. 
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products were related to the so-called partially cleft extensions of algebras, and examples 
were elaborated using algebraic groups. 

One obtains partial (group or Hopf) actions by restricting global ones to (non-necessarily) 
invariant ideals, and it is a central problem to discover under which conditions a given partial 
action is globalizable, i.e. it can be obtained (up to isomorphism) as a restriction of a global 
action. 

The study of the globalization problem of partial group actions was initiated in the PhD 
Thesis by F. Abadie |lj (see also 0 ), and independently by B. Steinberg in HQ], and J. 
Kellendonk and M. V. Lawson in (33]. Other globalization results were obtained in m, 0 , 
m-m, m, m, ca, m, m , m, m, eu, m- In particular, in [2] a globaliza¬ 
tion theorem for the case of partial actions of Hopf algebras on unital algebras was proved, 
whereas in ( 22 ] the globalization of twisted partial group actions on rings was investigated. 
The importance of the globalization problem lies in the possibility to relate partial actions 
with global ones and try to use known results on global actions to obtain more general facts. 

The aim of this article is to go further on the investigation initiated in [7] by considering 
the globalization of twisted partial Hopf actions. In Section [2] we recall some basic concepts 
about twisted partial actions of Hopf algebras, which we formalize now in the form which is 
most convenient for our purpose. We start with the concept of a partial measuring map of 
a bialgebra (or Hopf algebra) H on a unital algebra A, giving, in our examples, a complete 
characterization of these maps in the case of H being the group algebra kG, the dual (kG)* 
of the group algebra kG of a finite group G, and the Sweedler Hopf algebra H 4 , and A 
coinciding (in all three cases) with the base field k. Then we proceed with the concept of 
a twisted partial action of a Hopf algebra (or, more generally, a bialgebra), in which we 
include all properties needed to guarantee that the partial crossed product is associative and 
unital. Next we consider the symmetric twisted partial Hopf actions. Symmetric twisted 
partial actions are described in details for specific Hopf algebras. In particular, the case of 
a group algebra kG recovers the theory of twisted partial actions of groups as developed in 
[2T] and [22]. For the Sweedler Hopf algebra H 4 , the only symmetric twisted partial actions 
are the global ones. Furthermore, the dual of the group algebra (kG)* of a finite group G, 
the partial cocycles appearing have remarkable symmetries, and we relate them to global 
cocycles of dual group algebras of quotient groups. We do thoroughly the specific example 
for the Klein four-group K 4 , acting on the base field k, and show that the symmetric twisted 
partial actions of (kK^)* on k are parametrized by the zeros (x, y) £ k 2 of a polynomial in 
x, y of degree 2 . 

Section 3 is dedicated to the globalization theorem itself. The precise meaning of glob¬ 
alization of a symmetric twisted partial action of a Hopf algebra H on a unital algebra A 
given by a symmetric pair of partial cocycles uj and u/ is the existence of an algebra B (not 
necessarily unital) such that there is a twisted (global) action of H on B with convolution 
invertible cocycle v : H ® H —» B and an algebra monomorphism tp : A — > B such that 
its image tp(A) is a unital ideal in B , and the restriction of this global twisted action is 
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isomorphic to the original twisted partial action on A. The main result can be formulated 
as follows: a symmetric twisted partial action of a Hopf algebra H on a unital algebra A 
associated to the symmetric pair of partial cocycles ui and u/, is globalizable if, and only if, 
there exists a normalized convolution invertible linear map u> : H <g> H —y A satisfying certain 
compatibility conditions for intertwining the partial action of H on A and the restriction 
of the twisted action of H on B. The question for uniqueness of a globalization is not so 
straightforward to be addressed in this context as it is for partial actions of groups m and 
partial actions of Hopf algebras [5]. Even the form of the algebra B cannot be given in a 
simple way for the general case. We conclude the section with two examples. The first one 
shows that the example of a twisted partial Hopf action, constructed in [7] using the relation 
between algebraic groups and Hopf algebras, is globalizable. The second one is an explicit 
partial cocycle for (kK^)* which leads to a globalizable symmetric twisted partial action. 

2 Symmetric twisted partial actions 

In this paper, unless otherwise explicitly stated, k will denote an arbitrary (associative) unital 
commutative ring and unadorned <g> will mean (g> K . We also omit the sum in the Sweedler 
notation for the comultiplication of a Hopf algebra. In what follows the symbol 1 will stand 
for the unit element 1 K of n. 

Definition 2.1. Let H be a K-bialgebra, A a unital n-algebra with unit element 1 a- We say 
that H partially measures A if there is a linear map 

• : H (^) A —y A 1 

h® a i—^ h ■ a, 

satisfying the following conditions: 

(PM1) 1h ■ a = a, for every a £ A, 

(PM2) h ■ ( ab ) = (h^ ■ a)(/i( 2 ) ' &)> for every h £ H and a,b £ A, 

(PM3) h ■ (k ■ 1 a) = (fyi) • lyi)(^( 2 ) fc ' 1 a), for every h,k £ H. 

The map • : Pd <8> A —» A is called a measuring map of PI on A. 

Note that, if h ■ 1 a = e(h)lA, then we have the usual notion that H measures A. 

Example 2.2. Note that every partial Hopf action in the sense defined by Caenepeel and 
Janssen |T 8 j is an example of a measuring map of a Hopf algebra H on a unital algebra A. 
Indeed, if H is a Hopf algebra then a partial action of H on a unital K-algebra A is a linear 
map 

H (S) A —y A , 
h <8> a i->- h ■ a, 
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which satisfies (PM1), (PM2) and 


h • (k ■ a) = (h(iy lA){h( 2 )k ■ a), for every h,k£H,a£A. (1) 

It is readily seen that a measuring of a Hopf algebra on the base field is automatically a 
partial action. In what follows we revisit three examples of such measurings that appeared 
previously in [3] and [ 8 ]: We provide more detailed versions of [3l Ex. 3.7] and [ 8 l Prop. 6.2] 
in Examples 12.31 and 12.41 respectively, and in Example 12.51 we redo the calculations of [3] Ex. 
3.8], regarding partial actions of the Sweedler algebra on k, in a simpler and more readable 
manner. 

Example 2.3. Let G be a group and k a field. One can classify all the partial measuring 
maps of the Hopf algebra kG over the base field k, which correspond to the partial actions 
of G on k. The map • : kG <8> n —> k can be viewed as a linear functional A : kG —> n given 
by A g = A (g) = g • 1. The condition (PM1) implies that A(e) = 1 (where e denotes lg) and 
the condition (PM2) means that X g = X g X g , which implies that either X g = 1 or X g = 0. 
Consider now the following subset of the group G, 

L = {g € G | X g = 1 }. 

By item (PM), we have that X g Xh = X g X g h, therefore, if g,h £ L then gh € L. In the same 
way, putting h = g _1 , one can conclude that if g £ L then g~ l £ L , and it follows that L is a 
subgroup of G. Therefore, the partial measurings of the Hopf algebra kG over the base held 
k are classified by the subgroups of G. 

Example 2.4. Let G be a finite group. We can classify all the partial measuring maps of the 
Hopf algebra (kG)* over a held k. By | 8 ] they correspond to the partial G-gradings of k. Again, 
they can be classihed by linear functionals A : (kG)* —>• k, dehned by A (p g ) = p g ■ 1, where 
{p g } g £G is the canonical basis of (kG)*. We know, from item (PM1), that YlgeG ^(Pg) = 
then there are some g G G such that A (p g ) / 0. Again, consider the subset 

L = {g £ G \ X(p g ) / 0}. 


The condition (PM3) reads 

KPg)KPh) = X(p gh -i)X{p h ). 

This implies that, if g,h £ L then gh~ l € L , therefore L is a subgroup of G. Moreover, 
putting h = g, we obtain A (p g ) = A (p e ), for every g £ L. Finally, by (PM1), we have 

A (Ps) = = i l i A (^) = 1, 

g&G g&L 

which implies that char k \ \L\ and 
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Therefore, the partial G-gradings of the base field k are classified by the subgroups L < G, 
whose order is not divisible by char k and the linear functionals X L : (kG)* k given by 



JT\ if 9£L 
0 if g ft L 


Example 2.5. Consider the four dimensional Sweedler Hopf algebra H 4 = H = \ x 2 = 

0 , g 2 = 1 h, gx = —xg) over a field k, whose characteristic is not 2 , with the comultiplication 
and the counit given by 


A(g) = g®g, e{g) = 1, A(x) = x <g> 1 H + g ® x, e(x) = 0. 


Let us classify the partial measuring maps of H 4 on the base field k. Each partial measuring 
map is given by a functional A : H 4 —> n defined as = A (h) = h ■ 1. By (PM1), we have 
that Ai h = 1 and by (PM2) we conclude that X g = X g X g , then X g = 1 or X g = 0. Assuming 
X g = 1, we have from (PM3) 



The first equality implies that X x = X gx = —X xg , and the second leads to X x = 0. Therefore, 
for X g = 1, the only solution is the global case A = e. Considering instead X g = 0 we obtain 
from the above equations again that A^, = X gx = —X xg and, in fact, no other constraint 
appears. Therefore, for X g = 0 one can assign any value for A^ € k, and each such functional 
A gives rise to a partial measuring of H 4 on k. 

The definition of a twisted partial action of a bialgebra (or Hopf algebra) H on a unital 
algebra A was given in [TJ Definition 1] in a rather general form. We shall use the follow¬ 


ing version which already incorporates the normalization condition [71 (16)], the 2 -cocycle 
equality [3 (17)] and also (iii) of [7, Definition 2]. 


Definition 2.6. A twisted partial action of a bialgebra (or Hopf algebra) H on a unital 
algebra A consists of two linear maps, • : H (g) A —>■ A and to : H <g) H —> A satisfying the 
following conditions: 


(TPA1) H partially measures A via the linear map 

(TPA2) (h( 1) • (/( 1) • a))u}(h( 2 ),l( 2 )) = ^(^(i) J(i))(^(2)^(2) • a), for every h,l € H and a G A. 


(TPA3) u(h,l) = w(/i(i),Z(i))(/i( 2 )Z( 2 ) ‘ 1 a ), for every h,l 6 77. 

(TPA4) uj{h, 1 h) = w(l H,h) = h ■ 1 a, for every h € H. 

(TPA5) 0(i) ■ u{k w ,l w ))u(h(2),k( 2 )l(2)) = ^O(i); fyi) )oj(h {2) k {2 ), 0; / or every h,k,l e 77. 

The algebra A, in its turn, is called a twisted partial H-module algebra. 

The map uj is called a partial 2-cocycle or twisting. If h ■ l/\ = e(h)lA, then a partial 
measuring is a usual one and a twisted partial action is merely a twisted action in the usual 
sense. On the other hand, if the partial 2-cocycle satisfies u>(h,k) = h ■ (k ■ 1 a), then it is 
called a trivial partial cocycle and the resulting twisted partial action is the usual partial 
action, as defined in [IS] . 

Note that by [7] Prop. 1], Definition 12.61 implies 


u(h,l) = (h ( i) • (7(i) • lA)Mh ( 2 ),Z( 2 )) = 0 (i) • 1 a)wO( 2 ), 0 > ( 2 ) 

for every h,l G H. 

Example 2.7. A source of examples of twisted partial actions can be given by the restriction 
to a unital ideal of a twisted action. More precisely, let 77 be a Hopf algebra with invertible 
antipode and B a, possibly non-unital, algebra measured by 77 through the linear map 
In the non-unital case, we simply consider the condition 


h > (ab) = 0 (i) > tf) 0 ( 2 ) b), 

since there is no meaning for the expression h > \b = e(h)lB- A twisted action of 77 on B is 
given by this measuring and a convolution invertible linear map u : H 0 77 —» M(B), where 
M(B) is the multiplier algebra of B, such that 

u{h, 1 H ) = u(l H ,h) = e(h) 

O(l)>0l) >a ))«O(2)^(2)) = «0(l)> i (l))0(2)^(2)>o)> 
{\ 1 fu(k m ,l {1) ))u(\ 2) ,k {2 )l(2)) = «0(l)O(l))«0(2)fc(2). 0- 


Note that the hrst and the third equalities above are identities of multipliers, 1 m ( b ) is simply 
the identity map in B. The map > : 77 (g> M(B) -A- M(B) which appears in the third identity 
requires a more detailed explanation. First, the multiplier algebra M(B) can be viewed as a 
pull back [32] 

M(B) -—-- End b {B) 


7T2 


A 


s End(77) — B Rom B (B <g) B, B) 
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where the linear map A : Ends(-B) —> sHorn^T? <S> B,B) is given by A (L)(a < 8 > b) = aL(b), 
the map p : sEnd(B) — > bHoiiib(B < 8 > B, B) is given by p(R)(a < 8 > b) = R(a)b, and 7 Ti and 112 
are the canonical projections. That is equivalent to the classical definition of the multiplier 
algebreQ as the algebra generated by pairs (L,R) £ End b(B) x sEnd(i?) satisfying the 
identity aL(b) = R(a)b. For simplicity, let us denote a multiplier x = ( L,R ) such that 
L(a) = xa and R(a) = ax. Then, we can use the universal property of a pull back in order 
to define and action > : H ®M(B) —> M(B). First, define two linear maps $ : H <S> M(B) —> 
Ende(.B) and T : H (g> M(B) —> £End(E>) respectively by 


d>(h®x)(b) = h(p) t> [x(S{h{ 2 )) > b)) 
d>(h®x)(b) = h( 2 ) > ((S' _ 1 (/i( 1 )) > b)x). 

It is easy to see that <$>{h <8> x) really belongs to Ends (I?), indeed 


<8> x){ab) 


h{ i) > {x{S{h( 2 )) > (ab))) 

\ i) > (x{(S(h {3) ) > a)(S(h( 2 )) > 6))) 
tyi) > ((*(5(^(3)) > a))(S(h(2)) > b)) 

(tyi) > (x(S(h (4) ) > a)))(h (2 ) > (5(/i( 3) ) > 6 )) 
0(1) > (x(S(/i( 4 )) > a)))(h(2)S(h(fy) > b ) 
0(i) > (x(S(h( 2 )) >a)))b 
(<f>(/i (8) x){a))b. 


Similarly, one proves that Tflt < 8 > x) £ BEnd(B). Finally, Ao$ = pod', indeed, consider 
a, b £ B h £ H and x £ M(B ), then 


A o <b(/i ®i)(a 0 b) 


a{h( i) > (®(S'(/i( 2 ))>b))) 

(/!.(2)5 _1 (/i(i)) > a)(/i (3) > (x(S(h i4) ) > 6))) 
/i (2 ) > ((S -1 (/i (1) ) > a)(x(S(h {3) ) > 6))) 

^■(2) > (((-S -1 (V)) >a ) x )( S ( h {3)) > b )) 

0(2) > ((S' -1 (fyi)) >a)x))(/i( 3 )5(Ii(4)) >6) 

(/i(2)>((5’“ 1 (/i ( i))>a)x))6 
p o df(h <8) x) (a <8> 6). 


Therefore, by the universal property of M(B) as a pull back, there is a unique linear map 
> : H <S> M(B) —>■ M(B) given by 


(, h\>x)b = /i(!) > (x(S(h( 2 )) > b)) 
b(h>x ) = /i( 2 ) > ((5~ 1 (/i{ 1 )) > b)x). 

1 The concept of a multiplier algebra first appeared in the context of C*-algebras [9j- For abstract algebras 
its detailed definition can be seen, for example, in [19]. 
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One can restrict this twisted action to an ideal A = 1a B, where 1 a is a central idempotent 
in B. This generates a twisted partial action of H on A given by the partial measuring 

7 ■ a = 1 A{h > a) 


and the partial 2-cocycle 

u(h,k) = (7 (1) • lA)u(h {2) ,k {1) ){h {3) k {2) ■ 1a). 

The proof that this indeed defines a twisted partial action is basically the same as given in 

m- 

We recall the definition of partial crossed product introduced in [7J. Given a twisted 
partial action ( H, A, •, cj), there is an associative product defined on the vector space A® H \ 

(■ a <g> h)(b <S> k) = a(h(x) • 7)w(7( 2 ), i)) ® h^k/ 2 y 

The algebra A® H is not unital in general. Nevertheless, it contains a subalgebra A^^H = 
(.A 0 H)(1a 0 > 1 h) with unit element ( 1 a ® 1 h), called the partial crossed product. As a 
subspace of A <g) H, it is generated by the elements 

a#h = a{\ 1 ) • 1a) <8> h^y 

Given any global 2-cocycle v : H 0 H —>• n, where k has the global 17-action, h ■ 1 = e(h), 
one usually transfers the algebra structure of the crossed product k# v H to H via the canonical 
isomorphism k® H —tH. This algebra is denoted by V H and the product is given by 

h» v k = t>(/i(i),A;(i))/i(2)fc(2)- 

If (H, k, •, oS) is a twisted partial action then the canonical isomorphism k®H ~ H defines 
on H the new product 

h» u k= (/l (1) ■ l)w(/l( 2 ), fc(i))/l( 3 )fc(2). 

We will denote this algebra by w H. The partial crossed product, which will be denoted by 
cjH_, can be identified with the subspace of H generated by the elements ■ l)/i( 2 ), and 
the product of generators is given by 

((/l(i) • 1)7(2)) •« ((^(1) • l)fc(2)) = (^(1) • 1 V(7(2),7(l))7(3)7(2). 

Later on, we will describe the algebra ,,,H when H = kG and H = (kG)*. 

Recall that a twisted partial action of a group G on a unital K-algebra A is defined in [2TJ 
as a triple 

({ Dg}g€G, {a g }g£G, {w g ,h}(g,h)eGxG) , 
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where for each g,h £ G, D g is an ideal of A, a g : D g ~ 1 —> D g is a K-algebra isomorphism, 
Wg } h is an invertible multiplier of D g D g h, and some properties are satisfied. If each D g is 
generated by a central idempotent 1 9 , then the twisted partial actions is called unital, and, 
as it was pointed out in j7] , this matches our concept of a partial action of the group algebra 
kG over A. In this case, l g = g ■ l a, and it is reasonable to have under consideration partial 
actions of a Hopf algebra if over some unital algebra A such that the map e € Homj,(ff, A), 
given by e(/i) = (h ■ 1^), is central with respect to the convolution product. These partial 
actions are, in some sense, more akin to partial group actions. 

Furthermore, in the case of a unital twisted partial group action the uj g ,h s are invertible 
elements in D g D g h, for all g,h G G. In particular, if the group action is global, then every 
element uj g ^ is invertible in A, which is automatically translated into the Hopf algebra setting 
by saying that the cocycle oj € Horn*, (if (g>ff, A) is convolution invertible. In the partial case, 
we have to consider more suitable conditions to replace the convolution invertibility for the 
cocycle, and the idea is to define a unital ideal in the convolution algebra Hom re (ff (g) if, A), 
in which the partial 2-cocycle lives and has an inverse [7j. 

Let A = ( A , •, u) be a twisted partial if-module algebra. It is easy to see that the linear 
maps /i ,/2 : if (8) if —>• A, defined by fi(h,k) = (h ■ l J 4 )e(f) and / 2 (h, fc) = (hk ■ 1^), are 
both (convolution) idempotents in Hom(H ®H,A). We also have that e is an idempotent in 
Hom(if, A) (and fi(h,k) = e(h)e(k)). Notice that if f\ and /2 are central in the convolution 
algebra Hom K (H <S> H,A), then the partial 2-cocycle u lies in the unital ideal (f\ * / 2 ) <! 
Hom K (if (g ) H, A), thanks to (TPA3) and (|2|). 

Definition 2.8. /?}/ Let if be a n-bialgebra (or Hopf algebra) and A be a unital n-algebra. A 
symmetric twisted partial action of if on A is given by the data (H,A,-,lu,uj'), such that 

(STPA1) (if, A, -,lo) is a twisted partial action of if on A. 

(STPA2) The above defined maps f\ and /2 are central in the convolution algebra Hom K {H ® 
H,A). 

(STPA3) There exists a linear map u/ € (f\ * ff) such that co * u/ = oj' * u = f\ * /2- 
The algebra A is called a symmetric twisted partial if -module algebra. 

Observe that the unit element of the ideal (f\ * / 2 ) is the central idempotent f\ * itself, 
which thanks to (PM3) reads f\ * f 2 (h, k) = h ■ (k ■ lyi). Note also that the centrality of f\ 
in Hom K (if (g) if, A), automatically implies the centrality of e G Hom^(if, H). With the aid 
of the inverse u/ on can rewrite the condition (TPA2) in Definition 12.61 as 

h ■ (k ■ a) =u;(h ( i),£; ( i))(h ( 2 )/c( 2 ) • a)u/(h( 3) , & (3 )). (3) 

Example 2.9. Any (global) twisted action of a Hopf algebra if on a unital algebra A 
is automatically symmetric. Indeed, as h ■ I 4 = e(h)lA, we have f\(h,k) = f 2 (h,k) = 
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e(h)e(k)lA- Then both fa and fa are equal to the unit of the convolution algebra Horn faH <g> 
H, A), which can be absorbed on the left or on the right. More generally, given any (possibly 
non-unital) twisted H- module algebra B, with (global) twisted action given by the measuring 
map o : H ® B B and an invertible and normalized 2-cocyle u : H <g> H —>• M(B), 
one can define a twisted partial action of H on any unital ideal A < B, generated by a 
central idempotent I 4 £ B, according to Example 12.71 Moreover, if and fa are central 
in Hom K (// (g) H, n), then this twisted partial action is symmetric, with the inverse (partial) 
cocycle given by 

u'(h,k) = (/i(i)A:(i) ■ 1 a)u _ 1 (^( 2 ),A:(2))(/i(3) ■ 1 a)- 

Remark 2.10. If H is co-commutative and A is commutative, then for every twisted partial 
action of H on A the functions f\ and fa are clearly central, because the convolution algebra 
Honifc(i7 <S> H,A ) is commutative. Moreover, if the twisted partial action is symmetric (i.e. 
satisfies (STPA3)), then the twisting disappears from equality (|3|) , which now simply means 
that h-(k-a ) = (h^ ■ 1a) (^( 2 )^ ■ a), resulting in a partial action of H on A. Thus in this case 
a symmetric twisted partial action disassembles into a pair consisting of a partial action of 
H on A and a partial 2-cocycle uj with (STPA3). A partial 2-cocycle means now a k -linear 
map uj : H <g> H — > A satisfying conditions (TPA3)-(TPA5) from Definition 12.61 

Example 2.11. Let us consider the specific case of twisted partial actions of a group algebra 
kG over a field k. Then every twisted partial action of kG on k is automatically symmetric. 
Indeed, as we know from the Example 12.31 the measuring maps are classified by subgroups 
L < G such that X g = 1 if g £ L and \ y = 0 otherwise. One can classify every twisted partial 
action of kG on k, determining the possible values for the partial 2-cocycle uj. Equality Q 
gives us, 

uj(g, h) = XgXh^ig, h ), V 5 , h £ G. 

Then, automatically uo(g, h) = 0 if one of its two entries does not belong to the subgroup L. 
The cocycle condition (TPA5) in Definition 12.61 reads 

X g uj(h, k)uj{g , hk) = uo(g, h)uo(gh, k ), 

which, taking g,h,k £ L transfers into the classical 2-cocycle condition for the group coho¬ 
mology of the group L with values in the trivial L-module k* : 

u(h, k)u(g, hk) = uj(g , h)uj(gh , k). 

Conversely, given a classical 2-cocycle uj : L x L —»• k*, one may extend uj to kG ® kG, by 
setting uj(g,h ) = 0 if g or h does not belong to L, and obtaining thus a partial 2-cocycle. 
Hence the partial 2-cocycles of nG related to the given partial action of kG on n can be 
identified with the classical 2-cocycles of the subgroup L with values in k* . Obviously, setting 
u'(g, h ) = w” 1 ( 5 , h ) if and only if both g and h lie in L, we see that the twisted partial action 
(kG,k, -,uj) is necessarily symmetric. 
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In order to describe the crossed product in this case, let v be a 2-cocycle of L and let u 
be its extension to kG as above. The vector space u kG is generated by the elements A g g, 
where X g = 1 if g G L and zero otherwise, and hence u kG_ = kL as a vector space. It also 
follows that ,,, kG = v kL as an algebra. Observe that v kL is the twisted group ring of L over 
k corresponding the 2 -cocycle v. 

Example 2.12. The only symmetric twisted partial actions of the Sweedler Hopf algebra 
H = H 4 on a K-algebra A are the global ones. Indeed, for any linear function (j> : — > A, 

we have 

h * = h(x,g)<j)(iH,g) + fi(g,g)(/>(x,g) = (x • 1a)<^(i H,g) + ( g ■ 1 A )<f>(x,g), 

while, on the other hand, 

<t>* fi{x,g) = (f)(x,g)f 1 (lH,g) + <t>{g,g)fi(x,g) = ^)(x,g) + (/}(g,g)(x ■ 1 A )- 

Taking 4> with (g,g) 1 A , (x,g) e-)- 0, and (1#, < 7 ) 0, we obtain that x ■ 1a = 0 = e(x)l A , 
and for ^ with ( g,g ) 0, (x,g) ^ 1 A , and (1 H ,g) ^ 0, we get g ■ 1 A = 1 A = e(g)l A . Then 
by (PM3), 

0 = g ■ {x ■ 1a) = {g ■ 1 A )(gx ■ 1 A ) = gx ■ 1 A , 

so that gx ■ 1 A = e(gx) 1 A , and by linearity, h ■ 1 A = e(h)l A for all h G H 4 . Consequently, f\ 
is central in Hom K (H 0 H, A) exactly when the twisted partial action is global. 

Example 2.13. The above example shows, in particular, that there is no symmetric twisted 
partial action of the Sweedler Hopf algebra over the base field k which is not global. Never¬ 
theless, we shall construct a partial cocycle defining a (non-global) twisted partial action of 
H = H± on k. 

As we have seen in Example 12.51 the truly partial measuring maps of H 4 on k are given 
by functionals A : H 4 —> k such that \ y = 0 (recall that \ x may have any value in n and 
X x = A gx = —A X g)- Take such a partial measuring, then the normalization condition (TPA4) 
for the partial cocycle gives us 

w(lH,h) = u>(h, 1 h) = Aft, V7i g H 4 , 

which means that u(l H , 1 h) = 1 , w(l H ,g) = u(g, 1 h) = 0 , u(x, l H ) = u(l H ,x) = -u(xg, l H ) 
—cu(l H,xg) = Aa,. The axioms (TPA2) and (TPA3), combined, allows us to write the identi¬ 
ties, 


u(h,k) = \ hw u{h(2),k) 

(4) 

u(h,k) = \ h(1) \k m u)(h( 2 ),k(2)). 

(5) 
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Then © gives 


co(g, h ) = A g co(g, h) =0, V7i € H^, 
co(x, x ) = X x uj(1h, x) + A g co(x, x) = X x , 
u(x, xg) = X x co(l H ,xg) + X g u(x, xg) = -X 2 x , 


and © results in 


u(h,g) = X h{1) X g u(h( 2 ),g) = 0, V/iG #4, 

u(xg, x) = X xg X x uj(g, 1 H ) + X xg X g co(g, x) + AiA X u(xg, 1 H ) + XiX g uj(xg, x) = -A 

Moreover © and © do not give any restriction for the value of co(xg,xg). Then taking 
arbitrary co(xg,xg) € k it is readily seen that co : H 4 <g) H± —> k also satisfies (TPA3), and 
consequently (TPA2). A list of verifications certify that the cocycle identity (TPA5) holds 
for co. 

Example 2.14. Given a finite group G and a field k with char k j |G|, in order to classify 
the symmetric twisted partial actions of (kG)* on k. one needs first to analyse the centrality 
of f\ and f' 2 ■ Consider a partial measuring map A : (kG)* —> k determined by the subgroup 
L, such that A (p g ) = 4r if g £ L and A (p g ) = 0 otherwise. Take any linear function 
(f) : (kG)* <8> (kG)* —> k, and g,h € G, then 

fl*<t>(Pg,Ph) = X /l {Pr,Ps)HPr-ig,Ps-ih) = X KPr)0(Pr~ig, Ph), 
r,s£G r£L 

and 

<t>* fl(Pg,Ph) = X HPgr-i-iPhs-^fliPriPs) = X ^(PrWiPgr- 1 : Ph)■ 
r,s£G r£L 

Then the equality f\ *(j) = 4>*fi is true for every (j), if, and only if the subgroup L is contained 
in the center of G. It is readily seen that in this case / 2 is also central. 

The second step is to define a normalized partial 2-cocycle co : (kG)* <g> (kG)* —> k which 
is invertible in the unital ideal generated by /1 * / 2 . If co * fi * / 2 = co, then it is easy to see 
that co = co * f 1 = co * f 2 - Take g,h £ G, then 

u{p g ,Ph) = h *co(p g ,p h ) = 7^7 ^2u{p r -i g ,p h ). 

' ' r£L 

Therefore co(p g ,ph) = w( PkgiPh ) for any k € L. For the identity co = co * / 2 , we have 
u(p g ,Ph) = h * u(pg,p h ) = ^r^2u;(p r -i g ,p r -ih), 

' ' r£L 
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which leads to the conclusion that u(p g ,ph) = u{p kg ,p k h) for any k £ L. Joining these two 
informations, we obtain 

u{p g ,Ph) = uj(p kg ,pih), Vfc, l € L, 

and considering the fact that L is a subgroup of the center of G, then also 


u(p g ,Ph) = u(p g k,Phl), VM € L. 

Let us say that a K-linear function u : (kG)* ® (kG)* — > k is L-invariant if ui satisfies the 
above two equalities. Notice that the above computations show that a ^-linear function 
u : (kG)* <8> (kG)* —>• k is L-invariant exactly when u> is contained in the ideal (fi * fo) of 
Hom ft ((KG)*®(/eG)*,A). 

Taking into account this L-invariance of the partial 2-cocycle, the first member of the 
cocycle identity 


(m (1) ■ w(n (1) ,Z (1 )))w(m (2 ),n (2) Z (2 )) = w(m (1) , n (1) )w(m (2) n (2) , l), 
for m = p g , n = ph and l = p k , reads 

(m (1) ■w(n ( i ) ,! (1) ))«(m (2) ,n (2) i ( 2 )) = X HPr)u(p hs -i,Pkt-i)u(Pr-ig,PsPt) 


r,s,t£G 


^^2TJlU(ph s -l,P k s-l)u(Pr-lg,Ps) 


seGr&L 


J2^Ph 

seG 


s 1 iPks 1 > 


) ( X T f w (Ps>P») 


\r£L 


^2u(p hs -l,Pks-l)u(Pg,Ps)- 


seG 


The second member, in its turn, is 

w(m(i),n(i)Mm ( 2 ) ra( 2 ) ,Z) 


X “(Pgs-i-iPht-^uiPsPt^k) 
s,t£G 

'Y^U(jPg S -l,Phs-l)u(jPs,Pk)- 

s£G 


Therefore, the cocycle identity (TPA5) transforms into 

^2u(phs-GPks-i)u(p g ,Ps) = ^2u(p gs -i,p h s-i)uj(p s ,pk), 


sgG 


s£G 


( 6 ) 


for all g,h,k £ G. It is readily seen that © means that a; is a global 2-cocycle of (kG)* with 
respect to the trivial action on k. Let G\L be a full set of representatives of left (= right) 
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cosets of G by L. Then an L-invariant function co € Hom K ((«;G)* ® (nG)*,A) satisfies (0 if 
and only if 


Y uiphs-i-iPks-^uijPgiPs) = Y u(p gs -i,Phs-i)u(p s ,Pk ), ( 7 ) 

s£G\L s&G\L 


for all g, h, k £ G \ L. 

Now, let co : (kG)* ® (kG)* —> k be a partial 2-cocycle, so that our partial measuring, 
determines by the central subgroup L < G, is a symmetric twisted partial action. Then taking 
v(p g L,PhL,) = \L\ 2 oo(pg,Ph)i we have, thanks to the L-invariance of co, a well-defined ^-linear 
map v : ( kG/L )* ® ( kG/L )* —> k, which in view of ([7]) satisfies the global 2-cocyle equality 
with respect to the trivial action on n. The normalization condition (TPA4) of co directly 
implies that v is normalized. Furthermore, since our twisted partial action is symmetric, there 
exists co' : (kG)* ® (kG)* — > k satisfying (STPA3). Then taking u(p g L,PhL ) = | L\ 2 co'(p g ,ph), 
we compute that 


(v *u)(p gL ,p hL ) = Y v (Pgs- 1 L,Pht~ 1 L)u(PsL,PtL) = \L\ 4 Y “(Pgs^iPht-'W(j?s,Pt) = 
s,t£G\L s,t£G\L 

|L | 4 

JJJ 2 Y ^ u (Pg8- 1 l- 1 >Pht- 1 m- 1 W(PsUPtm) = \L\ 2 Y "(Pff*- 1 ’ Phy- 1 )^(p X ,Py) = 

s,teG\L l,m£L x,yeG 

\L\ 2 (uj *u')(p g ,p h ) = \L\ 2 \(p g )\{p h ) = e(p gL )e(p hL ), 


showing that u is the convolution inverse of v. Consequently, v is a normalized global convo¬ 
lution invertible 2-cocycle of ( kG/L )*. 

Conversely, given a normalized convolution invertible global 2-cocycle v of ( kG/L )* with 
respect to the trivial action of ( kG/L )* on k, define the ^-linear functions co,co' : (kG)* < 8 > 
(kG)* —> k by 

u{p g ,Ph) = j ^|2 v{PgL,PhL) and u'{jp g ,p h ) = j^v -1 (p gL ,p hL ). 

Then the above considerations imply that we obtain a symmetric twisted partial action of 
(kG)* on k. 

Thus we have one-to-one correspondences between the following three sets: 

• The partial 2-cocycles co : (kG)* ® (kG)* -» k with respect to the partial action of 
(kG)* on k, determined by the central subgroup L C G, which are invertible in the 
ideal (/i * f-i)- 

• The L-invariant global 2-cocycles co : (kG)* ® (kG)* k with respect to the trivial 
action of (kG)* on k, which satisfy the equalities (TPA4) and (STPA3). 
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• The normalized convolution invertible global 2-cocycles v : ( kG/L )* <g> ( kG/L )* —> n 
with respect to the trivial action of ( kG/L )* on k. 

Let now oj be a partial 2-cocycle such that we have a symmetric twisted partial action (i.e. 
oj is as in the first item above), and let v : ( kG/L)* (g> ( nG/L )* —>■ n be the corresponding 
global 2-cocyle. Then the map 

(f>: G/L)* —)• qj (kG)* , p g L <—> y^ Pgx 

xGL 

is an isomorphism of algebras. In fact, as a vector space, u{kG)* is generated by the elements 

^2 H'Px- 1 )'Pgx = j^T 'YhPgx- 

x£G x£L 

If G \ L is a transversal for L in G then the elements 

(t £ G\L), 

x£L 

form a basis of u (kG)* : which is the image under </> of the basis {ptL '■ t G G\L} of v (kG/L)* , 
and therefore is a linear isomorphism. 

Using the L-invariance of oj we see that the algebra structure on ^(kG)* is defined on 
basis elements by 

Pg •uPh= Yl KPr)u{p r -^gs-^Pht-')PsPt = ^ u(p gt -l, p ht -l)pt- 
r,s,t&G t£G 

From this expression, the L-invariance and the definition of oj, it follows that 

4>(Ptl) •lu 4>(Pt'L) = ^2 “(ptis-lyPt'ms-^Ps 

sGG Z,raEl/ 

= \L\ 2 ^u(pts-^Pt's-')Ps 

seG 

= \ L \ 2 uiPts-^Pt's-^^Psx 

s£G\L x£L 

= 4>(\L\ 2 uipts-^Pt’s-^PsL) 

sGG\L 

= <t>( V< <Pts-^L,Pt's-^L)PsL) 

seG\L 

= 4* (.PtL •v Pt'L), 

with t,t' G G \ L. In addition, it is trivially seen that cj) is unital. 
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Example 2.15. Consider the previous example for the specific case when the group G is the 
Klein four-group = (a, b \ a 2 = lr = e). Take the subgroup L = (a), then the values of 
the partial measuring map A are A (p e ) = A (p a ) = | and X(pb) = A (p a b) = 0. As the group 
K4 is abelian, the subgroup L is automatically in the center, then we have no obstruction 
to the centrality of f\ and /2 (moreover, since K\ is abelian, ( kK 4)* is co-commutative 
and, consequently the convolution algebra ® (kK^)* , k) is commutative). The 

T-invariance of the partial 2-cocycle reads 

u(Pe,Pe) = u{p a ,Pe) = u(,Pe,Pa) = u(p a ,Pa), 
u(Pe,Pb) = u{p a ,Pb) = u(,Pe,Pab) = ^{Pa,Pab), 
u(pb,Pe) = Uj(pab,Pe ) = u(Pb,Pa ) = w( p a b,Pa ), 
u{pb,Pb) = u{pab,Pb) = u{p bl Pab) = Pab,Pab )■ 

The normalization condition, u(lu,h) = uj(h, 1 h) = h ■ 1 a, gives us three conditions 

0j(Pe,Pe) +0j(p e ,Pb) = 

Uj(p e ,Pe) +Uj(p b ,Pe) = J, 
u(Pe,Pb) +u(p b ,Pb) = 0. 

Which leads to u(p b ,p e ) = u(p e ,Pb) = ~^(Pb,Pb), and u(p e ,p b ) = \ -u(p e ,p e )- Therefore, 
we end up with only one independent value of the partial 2-cocycle, x = ui(p e ,p e ). One 
directly checks that with these data, the 2 -cocycle condition is satisfied for arbitrary value 
of x. Similarly, u/ is also L-invariant and normalized, and can be determined in a similar 
form in terms of y = uj'(p e ,p e ). Furthermore, a direct computation shows that the condition 
u * u' = f 1 * f 2 is equivalent to the equality 

32 xy — 6 (x + y) + 1 = 0. ( 8 ) 

Therefore the symmetric twisted partial actions of ( kK 4 )* on k are parametrized by the 
points (x,y) £ k 2 satisfying ©. 


3 Globalization 

As it was already seen, taking a twisted action of a Hopf algebra H over an algebra B and 
then restricting it to a unital ideal A , one obtains a twisted partial Hopf action of H on A. 
Now, given a twisted partial action of a Hopf algebra H on a unital algebra A, we can ask 
what conditions must be satisfied on order to view it as a restriction of a global action. The 
globalization problem was solved in several contexts. In particular, for partial group actions 
on C*-algebras the answer was given by F. Abadie (see [T[ or 0)- For the case of partial group 
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actions on unital rings a criterion for the existence of a globalization was given in [19] , whereas 
for partial Hopf actions the globalization always exists, as it was shown in As to the 
twisted partial group actions, the globalization is quite more involved as it can be seen in [22] , 
We recall briefly the meaning of a globalization of a twisted partial group action. We denote 
by U(B) the group of invertible elements of an algebra B. Given a twisted partial action of G 
on an algebra A, {{ D g } geG , {a g : D g - 1 D g } geG , {w g ,h G U(D g D gh )} g)heG }, a globalization 
for this twisted partial action is a quadruple {B, (3 : G —> Aut (B),ip, u : G x G —>• U(M(B))}, 
where M(B ) is the multiplier algebra of B , 
such that 

1. (B, /3, u ) is a twisted action of G on B with cocycle u. 

2. ip : A —> B is a monomorphism of algebras and ip(A) <3 B. 

3. ip(D g ) = p(A) n/3 g (<p(A)). 

4- B = Yhg£ G PgiviA))- 

5. ip intertwines the twisted partial action of G on A with the induced twisted partial 
action on ip(A) obtained by the restriction of the twisted action /3 on B. 

In this section we will follow some ideas present in [22] to construct a globalization for a 
twisted partial action of a Hopf algebra H on a unital algebra A. 

Definition 3.1. Let (A, (w,w')), (A', be two symmetric twisted partial H-module 

algebras. A map (p : A —>■ A! is an isomorphism of symmetric twisted partial H-module 
algebras if 

(i) cp is an algebra isomorphism; 

(ii) ip{h ■ a) = h ■ <p(a); 

(iii) ip(w(h,k)) =v(h,k), ip(w'(h,k)) =v'{h,k), 
for all h,k € H and a G A. 

Definition 3.2. Let A be a symmetric twisted partial H-module algebra with the pair (w,w'). 
A globalization of A is a pair (B,ip), where B is a (possibly non-unital) twisted H-module al¬ 
gebra with invertible cocycle u : H®H —>• M(B) and ip : A —>• B is an algebra monomorphism 
such that 

(i) ip (A) is an ideal in B; 

(ii) ip : A —> ip {A) is an isomorphism of symmetric twisted partial H-module algebras, where 
ip(A) has the structure induced by B. 
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If the algebra B is unital then we call the globalization unital. 

Our main result is as follows. 

Theorem 3.3. Let A be a symmetric twisted partial H-module algebra with the pair {w,w'). 

1. If this partial action has a globalization then there is a convolution invertible K-linear 
map w : H ® H —>• A satisfying 

O(i) • w{k(i),l(i)))w{h(2), k(2)l(2)) = 0(1) ' 1a)w(^(2)O(i))^O(3)^(2),0 (9) 

with w(lii,h) = w(h, 1 h) = e(h)l A , such that u = {f\* f 2 )* w and u/ = (f \ * fi) *w~ 1 , 
i.e., 


u{h,k) = 0(i) • 1 a)0(2)%) ' 1a))^0(3)O(2)), (10) 

u'(h,k) = 0 (1) ' 1a)0(2)%) • 1a))i5 _1 0(3)O(2))- (11) 

2. If there is a convolution invertible linear map w as before, then A admits a unital 
globalization. 

Proof. (1) Suppose that the pair (B,(p) is a globalization of the twisted partial action of H 
on A. Then, there are a twisted action of H on B given by o : H <8) B — > B and a normalized, 

convolution invertible cocycle u £ Horn (H (g> H, M(B)), as well as an algebra monomorphism 

<p : A — » B such that tp(A) is an ideal of B. The monomorphism p also intertwines the partial 
action of H on A with the induced partial action of H on <p(A), which is given by 

h ■ <p(a) = ip(l A )(h > <p(a)). 

and the induced partial cocycle is given by the expressions 

v{h, k) = (h { 1 ) ■ (fc ( i) • <p{lA)))u(h( 2 ),k( 2 )) 

= (ty 1 ) • <p(l A ))u(h( 2 ), fc(i))(/i(3)fc(2) ' ¥>(1 a)), 

v'(h, k) = U _1 (/l(l), fc(i))(/l( 2 ) • (fc( 2 ) • <p(l a))) 

= (fyl)fyl) • ^(lA))ll _1 (/l(2),fc(2))(^(3) '^(Ia))- 

Therefore, we have p{h ■ a) = h ■ p(a), p(u>) = v and ip(u') = v'. 

Define w £ Hom(i? <g> H, A) such that 

<p(w(h,k)) = ip(l A )u{h,k). 

As the map ip is a monomorphism, one can conclude that w is well defined. First, note that 
w is normalized, for 

<p(w{h , 1 H )) = p(l A )u{h, 1 H ) = p(l A )e(h) = p(l A e(h)). 
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By the injectivity of y? we have w(h, 1 h) = e(/i)1.4. Similarly uj(1h, h) = e(h)ip(lA)- Also it 
is easy to see that w is convolution invertible, for define re -1 by ip^w^ 1 ) = <£>(1 a)u _1 (/i, k), 
and then 


= <^(1 a)m(/ 1 (i), fe(i))u _1 (/l (2 ), fe ( 2)) 
= ^(l j4 )e(/i)e(A:) 

Again, by the injectivity of 99 we get 

™(V)O(i))™ -1 0(2)O(2)) = lyieOMfc). 

The other inversion formula is obtained in a similar way. 

The modified cocycle expression © is seen by 

1) ■*(*(i),i(i)))«5(^(2),*(2)i(2))) = 

= ¥>((fyl) • *(*(1), i(l))))<p(w(^(2), *(2)i(2))) 

= 0(1) ■ ^(w(k {1) ,l w )))^(w(h ( 2),k {2 )l(2))) 

= 0( 1) • (9?(lA)w(fe(i),/(i))))^(l j4 )u(/i (2) ,A: (2) Z (2) ) 

= 0(1) ■ ¥»(1 a))(^( 2) ' *(2)i(2)) 

= 0 ( 1 ) • v(lA))(h(2)>u(k(i),l(i)))u{h( 3) , k(2)l(2)) 

(*) 

= 0(1) ■ ^A^O^) 0(1) 00(30(2)0 
= 0(i) • v{lA))v(ti(h(2),k {1) ))v(w(h( 3) k { 2),l)) 

= 9 ?((/i(i) • l A )w(h(2), k(i))w(h^k(2), l)), 


where in the equality (*) above we used the fact that the cocycle equation is an identity 
between multipliers. 

Finally, for the expressions (|10l) and (lllll we have 

<00( 1) • 0(1) • 1000(2)0(2))) 

= 0(1) • 0(1) • ^(1 a)))^( 1 a)m(/i( 2 ), fc(2)) 

= 0(1) • 0(1) ' <01-0)00(2)0(2)) 

= v(h, k) = ip(uj(h, k)), 


which gives 


U(h,k) = 0(1) • (fc( 1) • 1000(2)0(2))- 
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The other equalities are obtained similarly. 

(2) Consider the map 

p : A —> Hom(//, A) 

a i ^ p(a) : h <->■ h ■ a. 

From (12.11) one can easily see that p is an algebra homomorphism. In addition, if a € Ker(</?), 
then 

a = I# • a = p(a)(l H ) = 0, 
therefore, p is an algebra monomorphism. 

We begin by proving that the algebra Hom(//, ^4) is a twisted H -module algebra, and 
then we show that there is a subalgebra B of Hom(//, A), which inherits the structure of the 
twisted //-module and contains p(A) as an ideal. 

Let us prove that Hom(ff, A) is a twisted //-module algebra. Firstly, H measures 
Hom(/Z, A) by means of 

(h \> 9)(k) = uKfyi), V)) 0 ( fe (2)fy2))^ _ 1 (fy3)^3))- 
In fact, given h,k £ H and 6 ,<f) £ Hom(/Z, A), we have 
(h > (9 * 4>))(k) = 

= W >(^( 1 ), *'( l )) 6 '(^( 2 )^'( 2 ))^ > (^( 3 )^( 3))^ _1 (^( 4 ) , *( 4 )) 

= W'(fc(l),/i(l))0(^(2)^(2))e(fc(3)^(3))^(%) / i(4))w' _1 (fe(5) ! ^(5)) 

= [^(^(l) ! ^(l))6 l (^(2)^(2))w' _1 (fe(3)^(3))] X 

X [wO( 4) , /i( 4 ))^>(/C(5) h^W- 1 0 (6 ), /l( 6 ))] 

= 0 (1) > 0 )(k (1) )(h [2) > 4 >)(k( 2 )) 

= 0(i) > 9) * 0(2) > 4>)(k). 

It is also easy to see that Iff \> 9 = 9, for all 9 € Hom(//, A). Indeed, 

(Iff • 9)(h) = u)(/i(i), lff) 6 '(/i( 2 )lff)ui" 1 (/i( 3 ), Iff) 

= e(/t(i))6>0(2))e(/i( 3 )) = 9(h). 

The map rj(k) = e(k)lA is the unit of Hom(//, A), and one needs to verify that ( h>r])(k ) = 
e(h)rj(k). 

(h>r])(k) = w(/ ( 1 ),/l( 1 )) 7 ? (/( 2 )/l( 2 ))w' 1 (/C( 3 ),/l (3 )) = 

= w(fc(i)0(i))e(fc(2))e(^(2))^ _1 (fc(3)0(3)) = 

= w(fc(i),/l(i))u) _ 1 0 ( 2 ),/l( 2 )) = 

= e(h)e(k) 1 A = e(h)rj(k). 
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The twisted //-module structure appears when one expands the expression of (h\> (k\>9)): 


{h>{k> 0))(l) = w(/ ( i),/i ( i))u;(^ ( 2)h ( 2), fc(i))0(l(3 ) h (3 )fe(2))u) 1 (/( 4 )^(4), fy 3 )) 

= h(i))w{l( 2 )h( 2 ), fc(i)) e(Z( 3 ))e(/i( 3 ))e(fc( 2 )) 0(J(4)fy4)fy 3 )) e (*(5)Mty5)Mfc( 4 )) x 

V -v---' "-v-' 

W~ l (Z(6)^(6), %) )^ _1 (Z(7), V)) 

= w(Z(l), ^(l))^(/(2)/l(2), fyl)) ^ _1 (^(3)^(3)fc(2))]^(^(4)>(4)^(3)) 6>(Z( 5 )/l( 5 )fc( 4 )) X 

^ V 

X 7U 1 (l( 6 ),/l( 6 )fe(5))u;(Z( 7 ),/l( 7 )fc(g)) h) 1 (^ 8 )h( 8 ),/C(7))?h 1 (^(9),^(9)) 

'-v-' 

X't/(^4 ) ,h ( 4 ) /(3))6»(Z ( 5 ) /l(5)fc ( 4 ) )u; _1 (/ (6) ,/l (6) fe (5 )) X 
X [ui(Z (7) , /r (7) fe (6) )u) _1 (Z(8)/l(8), ^(7))^ _1 (*(9), ^(9))] 

= NZ(i), fyl) )w(i(2) h(2), k { 1) )w' 1 (Z(3) , /l( 3 ) fc(2))] (h(4) fc (3) > 0(Z (4) )) 

[i/)(Z(5), h (5) fc (4) juT 1 (7(6) h (6) , fe (5 ))u) _1 (Z (7) , /i( 7) )]. 

If we define u : H CED H —> Hom(//, ^4) as the map 

u(h,k)(l) = w(Z ( i ) ,/i ( i))u;(/(2)/i (2) ,/ (1) )u) _1 (Z ( 3 ) ,h ( 3 ) /c ( 2)), (12) 

then its convolution inverse is 

u~ l {h,k){l) = u)(Z (1) ,h (1) A; (1) )u} _1 (i ( 2 )h (2) ,/c ( 2 ))u) _1 (Z( 3 ),h ( 3 ) ), (13) 

and we have 

{h\> (k>6))(l) = u(h w ,k {1) ) * (h (2 )fc( 2 ) l> 0) * u _1 (/i( 3) , fe (3) )(Z)- (14) 

The map u is truly a cocycle, i.e., it satisfies the cocycle identity 

(fyl) O u(k {1) , Z(i))) * u{h( 2 ),k( 2 )l( 2 )) = u(h(i), %)) * u(h {2 )k (2 ), 0- ( 15 ) 
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In fact, beginning on the left hand side and using repeatedly the definition of u, we get 

0(1) > *u(h(2),k(2)l(2)){m) = 

= 0(1) >^(%L)0l))) 0^1) 00(2)0(202)) 0^(2)) 

= /i(i))?i,(fc(i), Z(l))(r7T,(2)/i(2)}'W>^ 1 (^(3), ^(3))]^(^(4), ^(2)^(2))(^-(4)) 

= u)(m (1) , h w )u{k w , l(i))(rn { 2 ) h {2 )) w) _1 (m (3) , h { 3 ) )w(m { 4 ) ,h {4) ) x 

"-V-' 

xw(m (5 )/i( 5 ), kp)l( 2 ))w~ l (m (6) , /i (6) fc (3 )J( 3) ) 

= w{m(i^ /l(i))u(fc(i), 0 ))( m ( 2 )^( 2 ))' i ^( m ( 3 )^( 3 )! ^ ( 2 )^( 2 ))'^ _1 ( rn ( 4 )) ^( 4 )^( 3 )^( 3 )) 

= u!(?tt-(i),/ t(i))w(m( 2 )/i( 2 ) 0 (i))u;(m( 3 )/i( 3 )fc( 2 ),0)) x 

X uT 1 (m ( 4) /l(4), fc(3) Z(2) )w(m (5 ) Zl( 5 ), /c (4 ) Z( 3 )) (™(6), ^(6) &( 5 )*( 4 )) 

'-v--' 

= ™("HHO(i)(" 1 ( 2 )^( 2 ), k ( i))w(rri( 3) h { 3) fc (2) , / ( i))-uT 1 (m (4) , /i (4) fc (3) Z (2) ) 

= w(m^),h^)w(m^)h(2),k^)e(rn^h^k^)) x 

x w(m (4 ) /i( 4 )fe( 3 ), Z ( !) )wT 1 (m (5 ), h (5) fc (4) Z (2) ) 

= [^("i(l)O(l))^(r"(2)^(2)O(l))^ _1 0^(3)O(3)^(2))] X 

x [u}(m (4 ), /i(4) fc( 3 ) )w(m { 5) /i (5) fe (4) , Z(1) )ih _1 (m (6) , /i (6) fc (5 ) Z (2) )] 

= "(^(l)O(l))(?"(l))"(^(2)^(2),0(" i (2)) 

= «0(l)O(l)) *«0(2)*(2). 0M- 

Finally, it is easily checked that u is a normalized 2 -cocycle: if 77 denotes the unit element 
of Horn (IF H) then 

u(h, 1 H ) = u( 1 H , h) = e(h)rj. 

We will show now that <p(A) is an ideal in a twisted H-module subalgebra of Hom(H, A). 
Define B as the subalgebra of Hom(H, A) generated by the elements of the form h>ip(a), for 
all h € H and a € A, and by the functions vr 1 (h, k), for all h,k £ H. Since u( 1 h, 1 H){h) = 
e(l#) 7 ) 0 ) = 7 l(h), B is a unital subalgebra of Hom(H, A). 

It is easy to see that F>BC8, because of the law of composition (I 14 |) and the cocycle 
identity (j 1 5 1 ) . Therefore, B is a twisted H-module subalgebra of Hom(H, A). One needs only 
to verify that ip(A) is an ideal in B. This is accomplished by showing the following identities: 

(i) cp(a) * (ht> ip(b)) = ip(a(h ■ b )). 

(ii) (h > ip(b )) * ip(a) = ip((h ■ b)a). 

(iii) tp(a) * u ±1 (F, k) = aw ±1 (F, k)). 

(iv) u ±:l (F, k) * ip(a) = cp(w ±:L (F, k)a). 
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For identity (i) we have, for a,b £ A and h £ H 


ip(a) * (h > tp(b))(k) = 

= 0(1) ■ a)w0(2)O(i))0( 3 0(2) • 6 )xZ> _1 (A:(4), 3)) 

= 0(1) • a)0(2) • 1 A)w(fc ( 3),/l ( i))(fc(4)/l(2) ' 1 a) 0(50(3) • ft) X 

X(fe( 6 )h(4) • 1 a)u> -1 0(7)O(5))0( 8) • 1 A ), 

where the last factor appears because e(k) = (k ■ 1a) commutes convolutionally. Since f± and 
/2 are also central in Hom(Ff ®H, A) (by (STPA2) ) and uj = f\*ui, the latter expression 
can be rewritten as 

= 0(i) • aV0(2)O(i))0(3)ft-(2) ' ft)^'0(4)O(3)) = 

= 0(i) '«)0(2) • 0-ft)) = 

= k ■ ( a(h ■ b ) = ip{a(h ■ b))(k). 

Identity (ii) is obtained in a similar manner. 

For identity (iii), we have, for a £ A and h,k,l £ H 

¥>0) *u{h,k){l) = ip(a)(l(i))u(h,k)(l( 2 )) = 

= {1(1) ' a)w(l( 2 ),h( 1) )w{l( 3) h( 2) ,k( 1) )w~ l (l( 4) ,h {3) k (2 )) = 

= Ol) -a){l(2 ) • 1a)^(^(3)0(1))^(^(4)^(2)0(1))w _1 (^(5)0(3)^(2)) = 

= ( 1 ( 1 ) - a)( 1 ( 2 ) ■ w(h(!), k (1) ))w(l (3) , h (3) k( 3) ) = 

= 0(i) -a)(Z(2) -w( h ,k)) = 

= l ■ (aw(h , k)) = ip(aw(h, k))(l). 

In a similar way, we obtain the expression for rt _ 1 (h, k) and the identities (iv) as well. There¬ 
fore p>(A) < B. 

From identity (i) we conclude quickly that the map ip intertwines the partial action on A 
with the partial action on <p(A), indeed 

h ■ < p(a ) = 9 ?( 1 a) * (h > (p(a ;)) = tp(h ■ a). 

The image of the partial cocycle ip(uj(h,k)) is the induced cocycle 

v(h, k) = 0(i) ■ <p(l a)) * u(h( 2 ) 0 ( 1 )) * {h( 3 )k {2 ) ■ ip(l a)) 
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for the twisted partial action of H on the ideal (p{A). In fact, 

<p(u}(h, k))(l ) = l ■ co(h, k ) 

= l ■ [(h(!) • 1 aV(/i( 2); fyi)Xty 3 )fc(2) ' 1 a)] 

= (^(1) • (tyl) ' 1 a))(^( 2) • w(/l(2), fyl)))(Z(3) • ( h { 3 ) k ( 2 ) ■ 1a)) 

= (*(i) • 0 ( 1 ) • 1a))(Z(2) • [0(2) ■ 1a)™0(3)O(1)) (h(4)fc(2) • 1a)]) X 
x (^(3) ■ 0(50(3) ' 1a)) 

= G(l) ■ 0(1) ' 1a))(^(2) • ^0(2)> A:(i)))(/(3) • (h(3)fc(2) • 1a))- 
Using equality ([U]) for u), we obtain 

(p(uj(h, k))(l) = l ■ u(h, k) = 

= (*(1) • 0(1) ■ lA))w(/(2),/l(2))w(i(3)^(3).fe(l)) X 

x(rc _1 (^4 ) ,h (4) fc ( 2)))(i(5) • (h(5)k(3) ■ 1a)) 

= Ol) • 0(1) ' 1a)00(2)> k( 1 ))(l(2)){l(3) ■ {h(3)k(2) ■ 1a)) 

= ¥> 0 ( 1 ) • 1 a ) * ^ 0 ( 2 ) 0 ( 1 )) * ^ 0 ( 3 ) fc ( 2 ) • 1 a )(0 
= (*( 1 ) • <^( 1 a )) * u ( h ( 2 ), fc ( i )) * 0 ( 30 ( 2 ) ■ ¥>(1 a ))(0 
= v ( h , k ){ l ). 

In an analogous manner, it can be shown that 

ip(u'(h,k)) = 0(iO(i) • <^(1 a)) * w _1 0( 2 ), fc( 2 )) * 0(3) • ¥>(1 a)) 

= v'{h,k){l). 

This concludes the proof. □ 

For the case of H being a co-commutative Hopf algebra, the id-submodule H > ip{A) is 
a non-unital subalgebra of Hom(Ii, A) and it carries a globalization of the twisted partial 
action on A. 

This is because we can write, for a,b £ A and h, k £ H , using the co-commutativity of 
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H, the product (h > <p(a)) * (k> tp(b)) as a linear combination in H > tp(A). Indeed, 

(h > <p(a)) *(kt> <p(b)) = O(i) > <p(a)) * 0(200(3)) >(k> <p(b))) 

= 0(i) > <p(a)) * « -1 0 (2) , S(h(j))) * 0 ( 3 ) > 00(e)) >(k> <p(b)))) * u(h {4) , £ 0 ( 5 ))) 

= 0(i) > <p(a)) * u -1 0(2), 50(g))) * (h ( 3) > 00(8)) > (fc > ¥>(&)))) * 00(4)00(7))) * 

*“0(5)- S(h( 6) ) O(io)) 

= 0(1) > ¥>0)) * « -1 0(2), 50(9))) * 0(3) > 00(8)) > 0 > <P( b )))) * 0(4) > «00(7))> tylO))) * 
*«0(5) 00(6) 0(11)) 

= 0(1) > <p(a)) * ^0(2), -50(10))) * 0(3) > 00(9)) > 0 > ¥>0)))) * 0(4) > «00(8)), Oil))) * 

*“0(5)00(6)0(7)) 

= 0(1) > ¥>(<*)) * ' u_ 1 0(2)) '-’0(7))) * 0(3) > 00(6)) > 0 > ¥>0)))) * 0(4) > «00(5))> *(8))) 

= 0(1) >^0)) *«“ 1 0( 2 )' Sr 0 ( 3))O(4 ) ) *« _1 0(5) 00(9))) * 0(6) > 00(6)) > 0><P(&)))) * 

*0(7) >^00(8))0(10))) 

= 0(1) X^O)) * u ~ 1 ( h (2)S(h(5)],h( 6 )) *U _1 0(3) 00(4))) * 0(7) > O0(l(») > 0 >¥>(&)))) * 

*0(8) >«O0(9))O(ll))) 

= 0(1) > ¥>0)) * U _1 0(2) 00(5)0(6)) * 0(3) > « _1 00(4)). V))) * 0(8) > 00(11)) > 0 > ¥>0)))) * 
*0(9) >«O0(10))O(12))) 

= 0(1) >¥>(“)) * 0(2) >U~ 1 00(6))0(7))) * 0(3) > 00(5)) > 0 >¥>(&)))) * 0(3) >«O0( 4 ))O(8))) 
= tyi) > 00) * 00(4))0(5)) * O0(3)) > 0»<p(&))) *«O0(2))O(6)))» 

and this last expression lies in H \>ip(A), because <p(A) is an ideal of the algebra B obtained 
in the previous theorem. 

And, again only for co-commutative Hopf algebras, given any h,k,l £ H, the following 
expression in B 

0(h,k,l ) = u~ l 00(3))0(4)) * 00(2)) >u(k,l)) *uO0(i))O(5)) 

satishes the relation 

h(i) > 00(2)0, l ) = e(h)u(k , Z). 

Then, since #0, k,l) £ B and <^(A) is an ideal in B, we have, for any a € A, and h,k,l £ H, 
that 

y?0) * 6(h, k, l ) € <£>(A), 

which implies that 


Zi(i) > 0(a) * 0O( 2 ) , 0 0) = 0(i) > ¥>0)) * 0(2) > #0(3) 0,0) = 

= 0 ( 1 ) »¥> 0 )) * ^ 0 ( 2 ) 00,0 = 

= (h> <p(a)) * tt(fc, Z). 


25 


That is, the product (h > <p(a)) * u(k, l) G H > y?(A). Analogously, we obtain 

/im > (0(h(2), k, l ) * <£>(a)) = u(fc, l) * (h> <p(a)). 

Note that H > 99(A) is a non-unital algebra. The above computation shows that for any k, l 
in H, the elements u± l {k, l) can be viewed as multipliers of the algebra H > 99(A) since any 
product of elements of the form h\>Lp{a) and u(k, l ) can be written as an element of H\>ip{A). 
This is the case for globalization of twisted partial group actions as shown in [22j . In this 
case, for each g G G, the algebra which carries the globalization is B = Pgivi-A)), the 

subspaces j3 g (ip(A)) are ideals of this algebra, and the 2-cocycle components u g j l belong to 
the multiplier algebra of B. 

Example 3.4. [?] Let k be an isomorphic copy of the complex numbers C and let S 1 C C be 
the circle group, i.e. the group of all complex roots of 1. Let, furthermore, G be an arbitrary 
finite group seen as a subgroup of S n for some n. Taking the action of G C S n on (acS 1 )® 71 
by permutation of roots, consider the smash product Hopf algebra 

H\ = (kS 1 )®" x kG, 

which is co-commutative. Let X C G be an arbitrary subset which is not a subgroup, and 
consider the subalgebra A = {^2 g£X -Pg){ K G)* — (^G)*, and dehne the commutative algebra 
A! = K,[t, t _1 ]® n (g> A. 

In order to simplify the notation, write 

fi = l(g)...<g)l<g)f(g)l<g)...(g>l, (16) 

where t belongs to the i-copy of n[t, t _1 ], then, we have the elementary monomials in k[ t, t _1 ], 
given by 

t^ 1 ... t k n n =t kl ( 8 )... ( 8 ) t kn . 

In its turn, the generators of (k§ 1 )®"' can be written in terms of the roots xe °f unity in the 
following way 

X0 u ...e n = X0i ® ® Xe n G (kS 1 )®", (17) 

where xo, £ S 1 is the root of 1 whose angular coordinate is Oi and which belongs to the 
i-factor of (kS 1 )®”. 

Then with the notation established in (1161) and (I17j) . the formula 


(X0i ,...dn®u g )-(t kl ...t kn ®p s ) 


ex P{* E”= l k ]°gs- l {])} t k i ■■■ t n n ®Psg~ L if s 1 g€ X , 
0 if s~ 1 g 0 X, 


where g £ G and s £ X C G, gives a left partial action • : H[ x A! —> A'. As H[ is a 
co-commutative Hopf algebra and A’ is a commutative algebra, then thanks to Remark 12.101 
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it is enough to give a partial 2 -cocycle u attached to our partial action, which is invertible in 
the ideal (f\ * / 2 ), i.e. a K-linear map uj : H 0 H —> A satisfying conditions (TPA3)-(TPA5) 
and (STPA3). 

Assume that G is such that its Schur Multiplier is non-trivial, and take a normalized 
2 -cocycle 7 : G x G —> k* which is not a coboundary (for a concrete such 7 when G is the 
Klein four-group see 0)- For arbitrary h = xo 1 ,...e n ® % and l = Xe[,... 0 ' n ® Us hr H[ set 

u{h,l) = 7 (g,s) (h ■ (l ■ 1 A '))- 

Then, as it was explained in [7|, the pair (a,u) forms a twisted partial action of H[ = 
(kS 1 )® 71 x kG on A!. Moreover, taking 

u'(h, l ) = 7 (g, s) -1 (h ■ (l- 1a'))> 

we readily see that it is symmetric. 

We observe now that this symmetric twisted partial action is globalizable. Indeed, the 
auxiliary convolution invertible map w : H[ 0 H[ —> A' can be given by 

w(h,l) = 7 (g,s)e(h)e(l), 

where h = Xe 1 ,...e ri ® % and l = x.o\ ® u s■ Direct verifications show that the convolution 
inverse of w is 

w~ l (h,l) = 7 (5,s) _1 e(h)e(0, 
and w, w~ 1 satisfy all conditions of Theorem 13.31 

Example 3.5. Consider now the symmetric twisted partial action given in Example 12.151 
where H = (ac K 4 )*, the dual of the group algebra of the Klein four-group K 4 = (a, b \ a 2 = 
b 2 = e), and A is the base field k, defined by the measuring map A (p e ) = A (p a ) = | and 
\(pb) = A (pab ) = 0. As it was shown in this case, the partial 2-cocyle oj and its partial inverse 
u' are fully determined by a pair (x,y) G k 2 satisfying the quadratic equation (|5j) where 
x = uj(p e ,p e ) and y = oj'(p e ,p e ). One readily notes that the pairs (|, A), (|, |) are solutions 
for ((HJ). Obviously, the first one gives the trivial partial 2-cocycle u(p g ,ph) = u'(p g ,ph) = 
fi * /2 ( PgiPh ) = Pg ' (Ph • 1). So we take the second one, and then we have 

X = Ul(pe,Pe) = u{paiPe) = ^{Pe,Pa) = Uj{p a ,p a ) = ^ 

and 


u(p e ,Pb) = u(p a ,Pb) = u{Pe,Pab ) = ^(Pa,Pab) 

= u(pb,p e ) = L0(pab,Pe ) = ^(Pb,Pa ) = ^>{Pab,Pa) 

= -Uj(p b ,p b ) = ~Uj(p ab ,Pb ) = ~u{pb,Pab) = ~u{pab:Pab) 
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and uj = a;'. 

We shall prove that this symmetric twisted partial action is globalizable. In order to 
consider the auxiliary map w, let us denote X 9jb = w(p g ,ph), for g,h G K4, so that w is 
determined by 16 variables. The normalization condition gives us 


22 wiPg’Ph) = 22 X 9’ h = e (Pfc) 


1 if h = e, 
0 if h e. 


and 

22 wiPg’Ph) = 22 X 9,h = = 

h£K4 h&Ki 

From condition (J 9 |) , we have the following equations, for g,h,f G K4, 


( 1 if 9 = e, 

1 0 if g + e. 


( 18 ) 


( 19 ) 


22 Xs J h d Xr 1 9> s lh 22 Xx 1 V’ h g 1 y X y 1 s,f 

rG(a) xG(a) 

s£K 4 y£.K 4 

whereas from (1101) . we obtain 

u(p g ,Ph) = 22 X (Pr)KPs)w(p r -i g ,p s -i h ) = \ 22 X r-^g,s-'h, 

r,s£Ki r,s£(a) 


( 20 ) 


( 21 ) 


with g,h G IF4. Next, writing Y gb = fo 1 (p g ,Pft,) we have also the equations 

(U! * fo _1 )(Pg,Ph) = 22 X r,s Y r-T-g,s-ih = e(p g )e(p h ) = 

r,s£K 4 


I 1 if iff, h) = (e, e), 
1 0 if (g,h) ± (e,e), 


( 22 ) 


as well as 

u'(Pg,Ph)= 22 KPr) X (Ps)W~ 1 {Pr-'giPs-'h) = \ 22 Y r~ 1 ( 23 ) 

r,s£K 4 , r,s£(a) 

with g, h G K4, the latter coming from ( 1111 ) . Direct computations show that 
X u = Ifo, = X 1>6 = Y Lh = X b i = Y h , x = —X bb = -Y h , b = l, 

Xah' .hi Y ah ! ,b'i X a t ab j Y b i ab j X ab i ab j Y ab i ,ab^ 0) 

i,j = 0,1, is a solution for (fT 8 l) - (l 23 l) . showing that our symmetric twisted partial action is 
globalizable. 
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